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Abstract

Three-dimensional interactions between an advecting vortex tube and a vaporizing droplet, described
by the Navier±Stokes, energy, and species equations, cause ¯uctuations in the droplet heating and
vaporization, manifested by temporal and time-averaged variations in the droplet Nusselt and Sherwood
numbers. Stefan ¯ux not only inhibits the droplet heating, it also `blocks' the in¯uence of vortex
collision on the droplet interface inhibiting Nusselt number perturbations. The Stefan ¯ux has a primary
e�ect on the Nusselt number and a secondary one on the Sherwood number. Fluctuations in Sherwood
number can be signi®cant in magnitude and exhibit self-similarity in both the temporal and time-
averaged response. Derived correlations are demonstrated to be valid for at least three common fuel
droplets (n-heptane, n-octane, n-decane). Furthermore, they quantify the e�ect of vortex collision on the
droplet vaporization and compliment the accepted correlations for droplets in axisymmetric ¯ows. It
follows that, in spray combustion systems, vortical structures could signi®cantly a�ect transport
mechanisms, vaporization rates, and local mixture ratios. 7 2000 Elsevier Science Ltd. All rights
reserved.
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1. Preliminary remarks

It is well-known that droplet heating and vaporization are coupled mechanisms.
Vaporization adds a species boundary layer to the momentum and temperature boundary
layers. Mass transfer of the fuel vapor from the droplet, which depends on both the
vaporization rate and forced convection, involves di�usion through the species boundary layer
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and then convection away from the droplet. The mixture molecular weight near the droplet
interface is also a�ected by the fuel vapor. Surface blowing (and the resultant Stefan
convection) changes the density near the droplet, decreases the droplet radius in time, and
expands the wake region (Chiang, 1990; Chiang et al., 1992). Furthermore, thermophysical
properties variations due to temperature and composition creates a two-way coupling between
the momentum and temperature equations, and between the momentum and species equations.
Therefore, when the non-¯uctuating base ¯ow is perturbed, both the thermal and species
boundary layers are subject to ¯uctuations, in¯uencing both the droplet heating and Stefan
¯ux; such is the case when a vortex advects near the droplet.
Sirignano (1983) has presented a critical and detailed overview of droplet vaporization and

of spray combustion pertaining to modern theoretical developments, emphasizing that the
literature lacks information on vortex±droplet interactions in combustion systems, and arguing
that, in turbulent sprays, the largest possible velocity gradients near the droplets would be at
the Kolmogorov scale, itself of the order of the droplet size. Order of magnitude estimates are
provided there.
Though the literature reveals many details of droplet heating and vaporization in

axisymmetric ¯ows (Abramzon and Sirignano, 1987, 1989; Conner and Elghobashi, 1987;
Chiang, 1990; Chiang et al., 1992; Niazmand et al., 1994; Shih and Megaridis, 1996), droplet
heating and/or vaporization in asymmetric or perturbed ¯ows have received inconsiderable
attention. Bellan and Harstad (1991) and Fichot et al. (1994) address a cluster of droplets
inside a vortex, but not the miscrostructure variations such as variations in the droplet
interfacial mechanisms or in the droplet boundary layers due to the vortex which in¯uence the
droplet transport rates.
The interaction between a vortex and a droplet with comparable length-scales has not been

widely examined; previous works of this research group investigated variations in the droplet
drag coe�cient and the induced lift and moment coe�cients due to the droplet±vortex
interplay (Kim et al., 1995, 1997), then the variations in the convecting heating of a non-
vaporizing droplet in¯uenced by vortex collision (Masoudi and Sirignano, 1997, 1998).
In this work, the investigation concentrates on the in¯uence of droplet±vortex collision on

the droplet simultaneous heating, vaporization, and mass transfer. Details of the changes in the
thermal and species boundary layers are shown. Simultaneous variations in the droplet Nusselt
and Sherwood numbers due to the vortex collision are traced in time. Generalized self-similar
correlations with the vortex size, strength, circulation, location, and the ¯ow inertia are
obtained for a variety of fuel droplets. This work continues previous investigations (Kim et al.,
1995, 1997; Masoudi and Sirignano, 1997, 1998) and explores the e�ect of Kolmogorov scale
turbulence on droplet vaporization.

2. Flow description and governing equations

A simpli®ed representation of the ¯ow con®guration is shown in Fig. 1. The governing
equations, presented below, are formulated under the following assumptions: (1) the ¯ow Mach
number is much less than unity, so that dissipation terms may be neglected; (2) gravity and
non-inertial terms are small; (3) the droplet Weber number is small so that the droplet remains
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spherical; (4) the thermal radiation and Dufour energy ¯ux in the energy equation and the
pressure and thermal di�usion in the species equation are negligible; (5) the mixture behaves as
an ideal gas; (6) phase equilibrium is maintained at the gas±liquid interphase; (7) liquid-phase
thermodynamic properties, except for viscosity and latent heat, are constant; (8) vaporization
and mixing with air occur without chemical reactions.
Within a few residence time units after the droplet is injected into the hot gas stream, the

external ¯ow ®eld quickly adjusts to the presence of the droplet, and a recirculation zone in the
form of a standing vortex ring appears just aft of the droplet (Chiang et al., 1992; Kim et al.,
1995). The droplet internal circulation forms due to the shear stresses at its interface.
Initially, the internal temperature of the cold droplet is uniform. The heat received by the

droplet goes partly into its vaporization and partly into internal heating. The heat transfer into
the droplet is initially dominated by di�usion. With the establishment of the droplet internal
circulation, convective heating becomes dominant; ®nally, reduction of the surface shear stress
slows the internal circulation and di�usion again prevails (Chiang, 1990; Chiang et al., 1992).
The mass transport, manifested in the species boundary layer, is a�ected by both the

vaporization rate and the forced convection. Naturally, a `fast-enough' convection continuously
sweeps the fresh vapor at the interface onto the ¯ow mainstream and enhances further
vaporization. Vaporization is nevertheless slow in the beginning due to the time needed for the
droplet to heat and raise its temperature. Once the surface temperature is high enough, the
vaporization rate increases. The ¯ow continuously convects away the generated fuel vapor. The
presence of the fuel vapor surrounding the droplet alters the molecular weight of the mixture
near the interface. The vaporization also decreases the droplet radius, expands the droplet
wake region, and alters the density distribution near the droplet.
For the bi-component (fuel vapor and air) gas phase, the governing equations are the

conservation of mass, momentum, energy, and species mass, and the equation of state. For the
liquid phase, they are the conservation of mass, momentum, and energy. These equations are
nondimensionalized using characteristic scales which are the droplet initial radius, far-upstream
¯ow velocity and temperature, and the gas-phase initial properties; residence time t � a 00=U

0
1 is

the characteristic time, with a and U being the droplet radius and gas free stream velocity,
respectively. ( ' stands for dimensional quantity; subscripts 0 and 1 represent initial and far
upstream quantities, respectively.)

Fig. 1. Flow geometry and coordinates.

M. Masoudi, W.A. Sirignano / International Journal of Multiphase Flow 26 (2000) 1925±1949 1927



2.1. Gas-phase governing equations

@rg

@t
�r � rgVg � 0 �1�

rg

�
@Vg

@t
� ÿVg � r

�
Vg

�
� ÿrPg � 2

Reg

r�mgr � Vg

�ÿ 4

3

1

Reg

r�mgr � Vg

� �2�

rgCpg

�
@Tg

@t
� Vg � rTg

�
� �hf ÿ ha�rg

�
@Yf

@t
� Vg � rYf

�

� 2

Peg

r � �kgrTg

�� 2

Pem

r �
h
�hf ÿ ha�DgrÿrgYf

�i �3�

rg

�
@Yi

@t
� Vg � rYi

�
� 2

Pem

r � �DgrÿrgYi
�� �4�

P �
�R

M

ÿ
rgTÿM

� �5�

2.2. Liquid-phase governing equations
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In the equations above, V, P, T, and Y stand for velocity, pressure, temperature and mass
fraction; r, m, Cp, h, k, D, �R and M represent density, dynamic viscosity, heat capacity,
enthalpy, thermal conductivity, di�usion coe�cient, constant of gas law and molecular
weight, respectively; Re, Pe and Pr stand for Reynolds, Peclet and Prandtl numbers.
Subscripts g, l, f and a stand for gas, liquid, fuel and air properties, respectively, and Pem is
Peclet number for gas-phase mass transport. i in Eq. (4), the species equation, is for species Ð
fuel vapor or air.
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2.3. Gas±liquid interface conditions

The conditions at the interface are the continuity of shear stresses, continuity of tangential
velocities, continuity of temperature, energy balance (including the latent heat of vaporization),
species mass balance, and thermodynamic equilibrium (Clasius±Clapeyron equation). Since the
interface in our ¯ow is always spherical (under the assumption of small Weber number), these
conditions are conveniently cast in terms of spherical coordinates �r, y, f� with the origin
placed at the center of the droplet. tl, ry, i�tg, ry, i; tl, rf, i�tg, rf, i; Vl, y, i�Vg, y, i; Vl, f,
i�Vg, f, i; Tl, i�Tg, i; q 00l; i�q 00lat; i�q 00g; i; �Dg

@Yf

@ r �i � �Vg, r�Yfÿ1��i; and P 0f�exp�c1ÿc2=Tg; i�:
Here, i stands for interface and t and q 00 represent shear stress and heat ¯ux, respectively, with
q 00lat, i being the latent heat of vaporization at the interface. try, i and trf, i are respectively the
shear stresses on a positive r-plane in the positive y and f directions. The interface condition
for pressure is obtained from the momentum equation; thermocapillary forces have been also
included in the balance equations for the shear stresses due to surface temperature variation
over the droplet at the interface inducing Marangoni e�ects (Niazmand et al., 1994; Shih and
Megaridis, 1996).

2.4. Gas-phase boundary conditions

�N1, N2, N3� and �N1l, N2, N3� are the number of grid points in the gas phase and the liquid
domain, respectively, in �x, Z, z� computational coordinates, shown in Fig. 1. x at N1l and N1

are the droplet surface and the gas far-®eld, respectively. The far-®eld quantities for the in¯ow
(imposed upstream at x � N1, N2 midRZRN2; i.e. at p=2RyR3p=2, r � r1� are: u � v � 0,
w � 1, p � 0, T � 1, Yf � 0, rg � 1, while for the out¯ow (imposed downstream at x � N1,
1RZ < N2 mid, i.e. at ÿp=2RyRp=2, r � r1� these conditions are:
@u
@x � @v

@x � @w
@x � @T

@x � @Yf

@x �
@rg

@x � 0; p � 0: u, v, w are ¯ow velocity components (non-
dimensionalized by U 01� in �x, y, z� cartesian coordinates.

2.5. Symmetry conditions

Since the cylindrical vortex tube advects with its axis of symmetry parallel to the y-axis,
symmetry is maintained such that one may solve for half the spherical domain rather than the
entire domain, and thus reduce the computational time. In the gas phase, these conditions are
at z � 1, N3 (i.e. at riRrRr1, f � 0, p)
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In the liquid phase at z � 1, N3 (i.e. at 0RrRri, f � 0, p� these conditions are
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2.6. Initial conditions and the vortex tube features

In the gas phase, the initial conditions for the velocity ®eld are: u0�x, y, z� � 0;
v0�x, y, z� � 0; w0�x, y, z� � 1; i.e. the initial velocity in the gas phase is due to a uniform base
¯ow. Initial conditions for the other gas properties are: P � 0; T � 1; Yf � 0; rg � 1:
At the interface, it is initially speci®ed that: u � 0; v � 0; w � 0; P � 0; T � Tl, 0; Yf � 0:

The imposed initial conditions inside the liquid droplet are a quiescent liquid phase and a
uniform temperature distribution, Tl, 0 < Tg, 1: Clearly, the initial conditions have
discontinuities at the gas±liquid interface but they quickly disappear after t � 0:
Droplet vaporization rate increases more slowly than the droplet heating rate does;

therefore, the e�ect of vortex advection on the droplet mass transport rates becomes most
signi®cant after both the thermal and species boundary layers are established. As suggested by
numerical results as well as by a comparison of relevant time-scales (Chiang, 1990; Chiang et
al., 1992), the droplet is exposed to the hot gas for 300 residence time units before it is exposed
to the vortex in order for the vaporization to be established; i.e. the initial condition for the
vortex in¯uence is not at t � 0 but at t � 300 (residence) time units. The initial transients
caused by the injection of the droplet into the moving stream disappear by 300 time units. The
temporal variables presented and discussed later as well have the time t � 300�:
The vortex is introduced upstream of the droplet, advects with the superimposed uniform

¯ow, and is an initially cylindrical tube whose axis of symmetry is initially normal to the
uniform ¯ow and parallel to the y-axis. The initially two-dimensional Rankine vortex tube
(Sa�man, 1992) has a small central core; within this core, the initial velocity distribution in the
vortex tube is that of solid body rotation reaching an imposed maximum tangential velocity
(normalized by U 01� denoted by vmax at a speci®ed radius s (normalized by a 0). Outside this
inner core, the vortex induces a velocity ®eld of a potential vortex that vanishes as r41:
Therefore, to introduce the vortex, at t � 300 the following values are added to the u and w
components of gas velocity

u0�x, y, z� � G0

p
zÿ zv0�

�xÿ xv0�2��zÿ zv0�2�s2
0

�
w0�x, y, z� � G0

p
xÿ xv0�

�xÿ xv0�2��zÿ zv0�2�s2
0

�
where G0 is the initial non-dimensional vortex circulation at radius s0: G0 is positive for
counterclockwise vortex rotation, and xv0 and zv0 denote the initial location of the vortex tube
center. The initial vortex tube circulation is G0 � 2ps0vmax 0: After this initial introduction of
the vortex, the advection, di�usion, and distortion (strain) on the vortex is determined through
the solution of the Navier±Stokes equations.

2.7. Thermophysical properties

Unlike the two previous studies (Masoudi and Sirignano, 1997, 1998) where the
thermophysical properties in the gas phase were assumed invariant to the temperature, here
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these properties are temperature and composition dependent; speci®cally, the density r � r�T,
P, Yf , . . .�: Since momentum and kinetic energy ¯uxes (per unit volume) are 0ru2 and 0ru3,
respectively, they locally depend on the temperature and the composition, as well. Near the
droplet, where the temperature and concentration ®elds have their largest gradients, the
underlying transport mechanisms and the corresponding boundary layers (momentum,
temperature, species) are in¯uenced by the thermophysical properties variations.
In addition to the density, viscosity, thermal conductivity, and heat capacity, the binary

di�usion coe�cient of the air±fuel vapor mixture and the latent heat of vaporization are
computed following Abramzon and Sirignano (1987, 1989). Liquid heat capacity and viscosity
are computed using the methods of Rowlinson and Orrick-Erbar, respectively, recommended
by Reid et al. (1987). These thermophysical properties have been widely used in vaporizing
droplet computations (Abramzon and Sirignano, 1987; Chiang, 1990; Chiang et al., 1992; Shih
and Megaridis, 1996). To compute the thermocapillary forces in interface conditions, surface
tension values were borrowed from the table values of Vargaftik (1975) and included per
recommendations of Niazmand et al. (1994) and Shih and Megaridis (1996).

2.8. Numerical solution

These equations and their initial, boundary and interface conditions are nonlinear, coupled,
and complicated enough to eliminate the possibility of an analytical solution and to require a
computational approach.
The numerical procedure employed here is similar to the previous methods (Kim et al., 1993,

1995, 1997; Masoudi and Sirignano, 1997, 1998), i.e the equations are solved sequentially and
the set of equations are iterated until convergence is achieved. The mass conservation equation
is indirectly satis®ed by the pressure correction equation, an elliptic equation suited to a
solution by the successive-over-relaxation (SOR) method. However, the momentum,
temperature, and species equations are parabolic and so are solved by an alternate direction
predictor±corrector (ADPC) method.
Since, the thermophysical properties vary due to temperature and composition, the

properties are computed at each node according to the local temperature and fuel mass
fraction. The droplet size is also accordingly adjusted at each time-step with its new size
resulting from the droplet mass vaporization. Since the droplet radius reduces due to its
vaporization, the grid locations are adjusted at each time step to accommodate the droplet
surface regression.
The drag coe�cient and the Nusselt and Sherwood numbers are calculated iteratively using a

convergence criterion at each time step. More details of the computational procedure have
been previously reported (Kim et al., 1993, 1995, 1997).

2.9. Droplet convective heat and mass transfer

The droplet convective heat transfer, represented by its Nusselt number, is computed
through Nu�t� � 2a 0h 0=k 0g (with h 0 being the dimensional convective heat transfer coe�cient)
which after a standard simpli®cation and non-dimensionalization yields

M. Masoudi, W.A. Sirignano / International Journal of Multiphase Flow 26 (2000) 1925±1949 1931



Nu�t� �
a

�p
0

�p
0

kg

@Tg

@r
�t�
����
s

sin y dy df

p
�
1ÿ Ts, av�t�

� �9�

where Ts, av is the droplet surface temperature averaged over its surface area.
Likewise, the droplet vaporization due to the forced convection of the hot gas is commonly

portrayed using Sh�t� � 2a 0h 0m=D
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g (with h 0m being the dimensional convective mass transfer

coe�cient) which after a standard simpli®cation and non-dimensionalization yields
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where Yfs, av
is the fuel mass fraction at the droplet surface averaged over its surface area.

In the absence of an advecting vortex, the ¯ow is axisymmetric; however, the vortex
advection breaks down the ¯ow axisymmetry, the Nusselt and Sherwood numbers vary
continually and do not attain steady values. Practically, therefore, it is more convenient to
obtain overall estimates by considering their time-averaged and root-mean-squared values
according to
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where f�t� and �f are the temporal and time-averaged Nusselt or Sherwood number, Nu�t� and
Nu, or Sh�t� and Sh, respectively.

3. Results

In this section, the relevant temporal variables are quanti®ed and qualitative observations of
the vortex e�ect on the global droplet transport mechanisms are made. Finally, correlations
describing global self-similarity in the observed behavior are obtained and discussed.

3.1. Vortex motion in¯uencing the global ¯ow ®eld

Fig. 2(a1, b1) show the axisymmetric gas temperature and species ®elds (i.e. without vortex
advection). Fig. 2(a2, b2) are the same ®elds, respectively, in¯uenced by vortex advection. (All
®gures in this section depict the events in the �x, z� plane of ¯ow symmetry where maximum
interaction between the vortex and the droplet is observed.) The in¯uence of the vortex
advection on the said transport mechanisms is apparent. Recall that vortex advection does not
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only break down the ¯ow symmetry, it could also drastically change the structure of the
recirculation zone in the droplet near wake (Kim et al., 1995). A localized pressure drop due to
the augmented velocity ®eld near the vortex location induces a de¯ection in the velocity
boundary layer toward the vortex. Since Prandtl and Schmidt numbers are Pr01 and Sc03
(n-octane), the three boundary layers have modestly di�ering lengths; hence, this de¯ection in
the velocity boundary layer is repeated in a qualitatively similar way in the thermal and species
boundary layers as well. This natural consequence of the coupling between the velocity and the
latter two boundary layers underlines the powerful roles of the convective terms in the

Fig. 2. (a1) Temperature, and (b1) species ®elds of the droplet in an axisymmetric ¯ow; (a2) temperature, and (b2)

species ®elds of the droplet in the presence of vortex advection �d0 � 2, s0 � 2, vmax, 0 � 0:3, Re � 100, t � 312).
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governing equations of all three transport mechanisms in this study. More information on the
distortion of the droplet velocity boundary layer and also the variations in its pressure ®eld
due to the vortex have been reported by Kim et al. (1995) and Masoudi (1998).
In this variable property simulation, gas density strongly depends on the local temperature

and, therefore, inside the thermal boundary layer where Tg < Tg, 1, density values are larger
than the free stream values. This density gradient e�ect (in the presence of pressure gradients)
results in nonuniform acceleration and strain. The strain modi®es length scales, thereby
modifying di�usion rates. Otherwise stated, density variation has an augmenting e�ect on the
heating and vaporization rates when the vortex advects through boundary layers.
The vortex e�ects are, however, not as pronounced in the droplet interior as they are in the

gas phase (Masoudi, 1998). The large density and viscosity ratios between the liquid and the
gas phase (or, equivalently, the large kinematic viscosity ratio n 0l=n 0g � 25� inhibit the in¯uence
of the ¯ow ¯uctuations in the outer stream on the internal droplet developments. Only
¯uctuations with long time periods can be expected to have signi®cant e�ects on the
microstructure of the liquid phase.

3.2. Vortex motion in¯uencing droplet surface properties

Fig. 3(a, b) show the e�ect of vortex advection on the vaporizing droplet Nusselt number for
di�erent values of the vortex initial location d0: (The droplet has lapsed 300 residence time
units before exposure to vortex motion.) The maximum variation in Nu�t� (at d0 � 2� is 2±
3.5%. Comparison with the nearly 10% variation observed in the simulation of a non-
vaporizing droplet (Masoudi and Sirignano, 1997) shows that the droplet heating and its
variations due to vortex advection are reduced due to droplet vaporization forming a layer of
fuel vapor near the droplet surface. The e�ects on mass transport and Sherwood number will
be shown to be much greater.
The circulation of the initially Rankine vortex is G0 � 2ps0vmax, 0 and, therefore, depends on

both its maximum initial tangential velocity �vmax, 0� and its initial size �s0). The Nusselt
number and Sherwood number do not correlate with only the circulation. Rather, they
correlate with di�erent powers of vortex maximum tangential velocity and size. Fig. 4(a, b)
indicate a maximum variation of about 2±3% on Nu�t� within the range of the parameters. (In
the earlier constant property non-vaporizing droplet simulation by Masoudi and Sirignano
(1997), these e�ects were nearly twice as large.) The heating rate of a vaporizing droplet with
convective heating shows little sensitivity to vortex-induced perturbations. This is due to the
inhibiting e�ect of the vaporized fuel vapor near the droplet surface: this layer `cuts o�' the
droplet surface heating from the `events' in the outer stream. This observation is in agreement
with the published information on the attenuating e�ect of the fuel vapor layer on droplet
surface heating in axisymmetric ¯ows without advecting vortices (Renksizbulut and Yuen,
1983; Haywood et al., 1989; Chiang, 1990; Chiang et al., 1992; Niazmand et al., 1994; Shih
and Megaridis, 1996). This `bu�er layer' is non-existing for a nonvaporizing droplet or for a
solid sphere.
Fig. 5(a, b) show the e�ect of vortex advection on the vaporizing droplet Sherwood number

for di�erent values of the vortex initial location d0: Fig. 5(b) shows that the maximum
variation in the droplet temporal Sherwood number takes place at d0 � 2, is nearly 12%, and
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Fig. 3. In¯uence of the vortex initial o�set distance d0 on the droplet Nusselt number: (a) vortex advecting with d0
in ÿ5Rd0R5, �Re � 100, s0 � 1, vmax, 0 � 0:2); (b) same, vmax, 0 � 0:4:
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Fig. 4. In¯uence of the vortex (a) initial strength vmax, 0 and (b) initial size s0 on the Nusselt number ((a): Re � 100,

d0 � 1, s0 � 1; (b): Re � 100, d0 � 2, vmax, 0 � 0:2).
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Fig. 5. In¯uence of the vortex initial o�set distance d0 on the Sherwood number (a) vortex advecting with d0 in
ÿ5Rd0R5, �Re � 100, s0 � 1, vmax, 0 � 0:2); (b) same, vmax, 0 � 0:4:
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is, therefore, about ®ve-fold larger than the maximum variations in the temporal Nusselt
number (Fig. 3(b)) due to the same vortex. Fig. 6(a, b) demonstrate the sensitivity of the
droplet Sherwood number and the vaporization rate to the vortex maximum tangential velocity
and size, respectively; the vortex-induced variations are about 6±8%. These observations are
quanti®ed, correlated, and further discussed in the following sections.

3.3. Global self-similarity

In the absence of the vortex, Nu and Sh are same as those in an axisymmetric system; i.e.
they are identical with Nuax and Shax, so that one may approximate the droplet Nusselt or
Sherwood number using the correlations from Renksizbulut and Yuen (1983) or Abramzon
and Sirignano (1987, 1989), for instance. With the vortex present in the domain, however, the
axisymmetric ¯ow correlations for Nu and Sh lose their applicability and new correlations
accounting for the e�ect of the advecting vortex are to be sought.
The in¯uence of vortex motion on the heating of a non-vaporizing droplet, such as for

vortex±droplet collision taking place in the beginning of the droplet injection into the
combustion chamber, could be predicted using the self-similar correlation (Masoudi and
Sirignano, 1997)

Nu

Nuax

� 1� 0:019
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2p
Re0:40 tanh

 
0:50

d0
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!
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(with Reynolds number de®ned based on the droplet diameter, Re � U 012a
0
0=n 01).

With vaporization present, the problem is complicated due to the Stefan ¯ux near the
droplet free surface. New correlations are, therefore, needed for a vaporizing droplet Nusselt
number in¯uenced by vortex motion.
Fig. 3(a, b) show that when the counterclockwise vortex initial location upstream of the

droplet is `above' the base ¯ow symmetry axis in the (x±z ) plane of symmetry �d0 > 0), the
droplet Nusselt number, while ¯uctuating due to vortex motion, is continuously above the
axisymmetric Nusselt number; therefore, such a vortex with a positive o�set distance has an
augmenting e�ect on the droplet Nusselt number. Likewise, a vortex with a negative o�set
distance attenuates the droplet Nusselt number. The maximum deviation, i.e. jNu�t�=Nuax�t� ÿ
1jmax happens when the vortex advects closest to the droplet, usually about 12 residence time
units after its introduction.
However, with the Stefan ¯ux present, the temporal variations in Nusselt number due to the

advecting vortex are usually small. The same is true for Nu=Nuax: This relatively weak
consequence of the vortex advection on the droplet heating should have little practical
consequence. Therefore, we do not pursue and correlate for the Nusselt number in this
vaporizing case. Rather, we emphasize the Sherwood number correlation.
The in¯uence of the vortex advection on the droplet Sherwood number, shown in Fig. 5(a,

b), is qualitatively similar to that for the droplet Nusselt number (Fig. 3(a, b)); i.e. a vortex
with a counterclockwise circulation advecting above/below the non-¯uctuating base ¯ow
symmetry axis continuously augments/attenuates the droplet Sherwood number. The similarity
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Fig. 6. In¯uence of the vortex (a) initial strength vmax, 0 and (b) initial size s0 on the Sherwood number; ((a):

Re � 100, d0 � 1, s0 � 1; (b): Re � 100, d0 � 2, vmax, 0 � 0:2).
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is explained by the similarity between energy and species equations and their identical
dependence on the velocity ®eld and, therefore, on the vortex advection.
Quantitatively, the variations in the droplet temporal Sherwood number due to the vortex

are, however, more signi®cant than temporal variations in Nusselt number. Further, the
¯uctuations induced by the vortex expectedly increase with an increase in vortex size, strength,
or ¯ow Reynolds number. Therefore, one should regard jSh�t�=Shax�t�jmax as a measure of the
perturbations in Sherwood number. It is found that the measured Sherwood number variations
collapse into a single functional form,�

Sh�t�
Shax�t�

�
max

� 1� 0:013

�
G0

2p

�0:85

Re0:75 tanh

 
0:75

d0

s0:800

!
�14�

within 10RRe � U 01a
0
0=n 01R50; 0:25Rs0R4; 0:1Rvmax, 0R0:4; ÿ5Rd0R5: This covers a range

of vortex circulation varying by nearly two order-of-magnitudes: G0 2 �0:16, 10:05�, see Fig. 7.
The correlation coe�cient for the above ®t is r1 � 0:910; �r � 1ÿ �Pn

i�1�yactuali=yfiti ÿ 1�2�0:5;
y � �Sh�t�=Shax�t��max).
It is equally useful to examine time-averaged values of these perturbations, Sh=Shax, which

collapse into

Sh

Shax

� 1� 0:0047

�
G0

2p

�0:78

Re0:80 tanh

 
0:65

d0

s0:550

!
�15�

Fig. 7. Existence of global self-similarity in the temporal Sherwood number ¯uctuations due to vortex advection,
Eq. (14).
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within the same range noted above, see Fig. 8. The correlation coe�cient for this ®t is r2 �
0:963:
These two correlations signify the existence of global self-similarity in Sherwood number

deviations due to vortex advection near the droplet and quantify such ¯uctuations in this
unsteady problem. They also complement the existing correlations for a vaporizing droplet
Sherwood number in axisymmetric ¯ows that occur in the absence of an advecting vortex
(Renksizbulut and Yuen, 1983; Abramzon and Sirignano, 1987, 1989).
Eqs. (14) and (15) and their comparison with our data are shown in Figs. 7 and 8,

respectively. Note that for jd0=sm
0 j45, both �Sh�t�=Shax�t��max and Sh=Shax approach an

asymptote; here, pro®les of Sh�t� are still at least modestly di�erent, shown in Fig. 5(a, b).
According to the similarity hypothesis, in an axisymmetric ¯ow and when thermophysical

properties are constant in time and space, Nusselt and Sherwood numbers have identical
dependence on the ¯ow Reynolds number (Renksizbulut and Yuen, 1983; Abramzon and
Sirignano, 1987, 1989;), this is the consequence of identical dependence of energy and species
equations on the ¯ow ®eld. This insight could be further extended when studying perturbed
¯ows; i.e. it is perhaps plausible if one expects that Nusselt and Sherwood numbers have
similar dependence on the ¯ow perturbations, as well, represented by the vortex circulation G0:
So, the two correlations (13) and (15) are similar.
One would expect the observed deviation in Nu and Sh from those in steady axisymmetric

¯ows would go to zero as d041: In the range of d0 examined �d0 2 �ÿ5, 5�), such a decay is
not observed so that presumably the characteristic length for this decay is larger than ®ve non-
dimensional units. Correlations (14) and (15) indicate that a change in the sign of either d0 or

Fig. 8. Existence of global self-similarity in the time-averaged Sherwood number ¯uctuations due to vortex
advection, Eq. (15).
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circulation produces a change in the sign of the deviation of Sherwood number from the non-
¯uctuating base axisymmetric value. Finally, one should note that these correlations hold for
bounded values of the ¯uctuating velocity; in particular, the vortex is not strong enough to
reverse the free stream ¯ow direction, �v 0max, 0=U

0
1 < 1).

3.4. Other fuels: n-heptane and n-decane droplets

In this section, the goal is to compare the results for the `base' fuel droplet n-octane, to
other fuel droplets of higher and lower volatility, n-heptane and n-decane, respectively. See
Section 2.7 for information on the computation of fuel properties and the correlations utilized
and Masoudi (1998) for additional information on each fuel.
Fig. 9(a, b, c) show the thermal ®eld for the interior of the three fuel droplets. The droplet

internal temperature is higher for n-decane than for n-octane (and, likewise, higher for n-octane
than for n-heptane); this is due to the di�erence in the heat stored inside the droplet which
increases with an increase in the droplet boiling temperature.
Fig. 10(a1, b1, c1) show the external thermal boundary layers and wakes of n-heptane, n-

octane, and n-decane, respectively. The ®gures indicate that the thermal boundary layer of n-
heptane is thicker, for instance, than that of n-decane. This agrees with the analysis of
Abramzon and Sirignano (1987) that the thermal layer thickness increases with an increase in
the Spalding transfer number B.
Fig. 10(a2, b2, c2) show the species boundary layers and wakes of n-heptane, n-octane, and

n-decane, respectively. They indicate that the droplet vaporization mostly takes place on the
droplet frontal face also reported by other investigators (e.g., Renksizbulut and Yuen, 1983;
Haywood et al., 1989; Chiang, 1990), this is due to the substantially thinner local boundary
layer, itself the consequence of the faster convective rate on the droplet frontal area. A
comparison of the three species boundary layers also shows that a heavier fuel (n-decane) has a
shorter and also `thicker' boundary layer. A decrease in the boundary layer length is simply a
result of a decrease in vaporization, in agreement with the analysis of Abramzon and Sirignano
(1987) for a decrease in B; local `thickening' of the boundary layer is expected for the heavier
fuel since the transport of a heavier fuel vapor becomes increasingly slower by the main stream
¯ow, which is then followed by a larger accumulation of the fuel layer in the boundary layer.
Fig. 11(a, b) show the e�ect of the vortex advection on the temporal Nusselt and Sherwood

numbers of the three fuel droplets under consideration. Values of �Nu�t�=Nuax�t��max and
�Sh�t�=Shax�t��max for these three di�erent fuel droplets shows that within a negligible deviation
of 1% and 2%, respectively, measured perturbations due to vortex advection remain identical
for the three fuels; moreover, computing and comparing the time-averaged quantities Nu=Nuax

and Sh=Shax for these three di�erent fuel droplets shows that, within 0.5% and 1%,
respectively, the observed deviations due to vortex advection remain identical for all three fuel
droplets. Therefore, one may use Eqs. (14) and (15) to approximately predict the in¯uence of
vortex collision on the droplet Sherwood number for any of the three fuel droplets discussed
here.
The reason for this applicability of Eqs. (14) and (15), originally developed for an n-octane

fuel droplet only, to n-heptane and n-decane is a simple one; published literature (Sirignano,
1983; Renksizbulut and Yuen, 1983; Abramzon and Sirignano, 1987, 1989; Haywood et al.,
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1989) indicates that droplet heating and vaporization has a weak functional dependency on the
transfer number B. Since in Eqs. (14) and (15) both the numerator and the denominator (on
the left hand side) have the same dependency on B, the net ratio becomes roughly independent
of B, so that the correlations hold for the other two fuels, as well. Finally, the observed weak
dependence of the said results on the transfer number B suggests that Eqs. (14) and (15) could
be applicable to other fuels (e.g. n-hexane and n-nonane) not considered in this study.
Previous investigation (Masoudi and Sirignano, 1997) indicates that, for a non-vaporizing

Fig. 9. Internal temperature ®eld of the droplet for a (a) n-heptane, (b) n-octane, (c) n-decane fuel droplet (t = 300).
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Fig. 10. External thermal boundary layer of the droplet for a (a1) n-heptane, (b1) n-octane, (c1) n-decane fuel

droplet; species boundary layer of the droplet for a (a2) n-heptane, (b2) n-octane, (c2) n-decane fuel droplet (t =
300).
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Fig. 10 (continued)

M. Masoudi, W.A. Sirignano / International Journal of Multiphase Flow 26 (2000) 1925±1949 1945



Fig. 11. In¯uence of the vortex advection on the (a) Nusselt number and (b) Sherwood number of n-heptane, n-
octane, n-decane fuel droplets; �Re � 100, s0 � 1, d0 � 2).
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droplet in a constant property domain, the net perturbation in Nusselt number varies with the
vortex circulation with a unity exponent, �Nu 00G0), and so, from similarity hypothesis, one
may predict Sh 00G0, as well. Eqs. (14) and (15) reveal that Sh 00Gm

0 , m10:8, which closely
agrees with this prediction. The slight drop in the exponent of G0 from unity to 0.8 is due to
the presence of the Stefan ¯ux near the droplet inhibiting the vortex e�ect on the vaporization;
otherwise stated, the exponent of G0 depends weakly on the transfer number B; this is shown
in Fig. 12; the ®gure indicates that as the droplet vaporization and, therefore, B is reduced (i.e.
as B40), the proper value of m appears to follow m41, indicated by where the maximum
values of the correlation coe�cients r1 and r2 yield the best value of m for the ®t.

4. Conclusions

Single droplet heating and vaporization in¯uenced by vortex collision have been investigated.
Particular attention has been paid to the transient and time-averaged values of the droplet

Fig. 12. Relationship between the correlation coe�cients (a) r1 (Eq. (14)) and (b) r2 (Eq. (15)) and the exponent of
vortex circulation G0 for di�erent values of the transfer number B; B3 < B2 < B1:
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Nusselt and Sherwood numbers as compared to values in axisymmetric ¯ows. Though
temporal patterns of Nusselt number for a vaporizing droplet resemble those for a non-
vaporizing droplet (Masoudi and Sirignano, 1997), it is observed, quantitatively, that the
average variations, remain small (4% or less) within the range of the parameter study.
Analogous to axisymmetric ¯ows, where the Stefan ¯ux reduces the droplet convective heating
by forming a layer of fuel vapor near its free surface, here the Stefan ¯ux further `blocks' the
e�ect of the vortical perturbations on the droplet interface as well, inhibiting Nusselt number
perturbations.
Temporal patterns of Sherwood number, however, appear to be more signi®cant

quantitatively. Correlations quantifying temporal and time-averaged values of the droplet
Sherwood number in¯uenced by vortex collision vary monotonically with vortex circulation,
non-¯uctuating base ¯ow Reynolds number, and exponentially with the vortex initial location.
The perturbations are maximum when the Rankine vortex is initially two length-scales from
the non-¯uctuating base ¯ow symmetry axis upstream of the droplet.
Though for a non-vaporizing droplet Nu 00G0 and, therefore, according to the similarity

hypothesis, one should expect Sh 00G0, the simulations reveal that, instead, Sh 00G0:78
0 ; the

reduction in the exponent of the vortex circulation is due to the Stefan ¯ux near the droplet
reducing the ¯ow perturbation e�ect on the surface vaporization and, therefore, on the
Sherwood number ¯uctuations. Variations in the droplet Nusselt number due to the ¯ow
perturbations are similarly attenuated by the Stefan ¯ux.
The self-similar correlations reported here are shown to be valid for at least three common

fuel droplets (n-heptane, n-octane, and n-decane) and are expected to cover yet a larger variety
of monocomponent fuels not considered in this study. These correlations complement the
existing ones for droplet vaporization in axisymmetric ¯ows that occur in the absence of an
advecting vortex (Renksizbulut and Yuen, 1983; Abramzon and Sirignano, 1987, 1989). Since
the e�ects of blended liquids or of neighboring droplets have not been considered, these
correlations should not blindly be applied to multicomponent droplets or to dense sprays.
However, they might still provide useful information about trends for dense sprays or for
multicomponent droplet vaporization.
Some obvious and potentially interesting extensions of this work exist. Masoudi and

Sirignano (1998) have demonstrated that for a non-vaporizing droplet signi®cant augmentation
in heating rate can occur due to the combination of the vortex collision and a strati®ed
ambient temperature ®eld near the droplet. The study of a vaporizing droplet in a gas ®eld
strati®ed in both vapor concentration and temperature should occur. Extensions to dense
sprays, multicomponent liquids and/or near critical thermodynamic conditions would be useful.
See Sirignano (1999) for discussion of those topics.
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